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RECTANGULAR-TO-CIRCULAR WAVEGUIDE II TRANSITIONS FOR HIGH-POWER CIRCULAR OVERMODED WAVEGUIDES I
Circular overmoded waveguide is being investigated at The Johns Hopkins University Applied Physics Laboratory (JHU/APL) for low loss, high power microwave transmission near 3.0 GHz. Unfortunately, most microwave power sources and receivers are compatible with single-mode rectangular waveguide rather than overmoded circular waveguide. This problem is usually solved by using metallic waveguide transitions. Design objectives for such transitions include high power-carrying capability, low mode conversion, low reflectivity, and low transmission loss. An overview of the theory of waveguide transition operation is presented. It is concluded that a prerequisite for a comprehensive waveguide transition analysis is to solve the uniform waveguide problem for the various cross sections of the transition. A review is included that describes some of the difficulties encountered in developing A computer program package that analyzes uniform waveguides with arbitrary cross sections. An overview is included of important waveguide design issues, several proposed designs, and several different tasks and problem areas one might encounter in a long-term study. 
INTRODUCTION
The sheathed-helix waveguide ( Fig. 1 ) that is being investigated at APL for low loss, high power microwave transmission I consists of a closely wound insulated wire surrounded by a two-layer jacket. The inner layer of the jacket is a lossy dielectric while the outer layer is a good conductor. Several short sections of this waveguide have been built at APL for use at S band ( Table 1) . Some of these sections are curved for use in 90' bcds, while others are straight for use in straight waveguide runs. The purpose of the helix and the dielectric is to suppress all of the modes above cutoff except for the TEO, mode.
Microwave transmission using the TEO, mode of a circular waveguide is characterized by an attenuation that decreases monotonically with frequency. In order to achieve low attenuation and to minimize phase distortion, it is necessary to operate well above the TEO, cutoff frequency.) This implies t':at there are seveai modes above cutoff in addition to the four modes with cutoff frequencies less than or equal to that of the TE 0 mode. One major design goal for the sheathed-helix waveguide 
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is to avoid the transfer of energN from the TE 1 mode to the other modes. These other modes are usually called "unwanted moder" or "spurious modes." The energy transferred to the spurious modes cannot be recovered because of dispersion and matching problems at the receiver. Therefore, significant spurious mode excitation could greatly increase transmission loss. There are at least three major sources of coupling to spurious modes that must be considered in designing a run of overmoded waveguide. One of these sources is the presence of geometrical imperfections in the waveguide; an effort is now under way to investigate the effects of fabrication tolerances. L' The second major source of spurious mode excitation ("mode conversion") is the use of sharp bends in the waveguide run.
3 Reference 3 gives a procedure for designing such bends for low mode conversion. The third source of mode conversion occurs (1) within the interface between the microwave power source and the waveguide run, and (2) within the interface between the waveguide run and the receiver. This additional mode conversion occurs because most microwave power sources and receivers are not compatible with circular overmoded waveguide. Rather, they are compatible with the dominant TE 10 mode in standard-size rectangular waveguide. 4 In order to match circular overmoded waveguide with such devices, it is necessary to use rectangularto-circular waveguide mode transducers. Usually, such a mode transducer consists of a nonuniform waveguide whose cross section changes gradually along the longitudinal, or axial, dimension of the waveguide. In all nonuniform waveguides, some mode conversion is inevitable. -' 6 Quantification of this mode conversion is an essential step in the evaluation of waveguide system performance. Furthermore, modification of existing waveguide transition designs may be necessary to achieve acceptable loss and power levels. One waveguide transition that may be suitable for high power use has been proposed by Zinger and Krill.' That transition (Fig. 2) is to be made out of copper or some other good conductor. The reason for the presence of four rectangular waveguide ports instead of only one (as in most previous designs) is that the powercarrying capability of circular waveguide may be more fully utilized for the waveguide sizes under consideration. Figure 3 illustrates the operation of this waveguide transition, showing the successive cross sections of the device, together with the electric field lines of the desired waveguide mode. As previously mentioed, another prominent source of mode conversion is the presence of sharp intentional bends in the waveguide. Tests at S band indicate that the helical waveguide bends made at APL are characterized by acceptable insertion losses and reflectivity levels,.l Unfortunately, in order to avoid unsatisfactory levels of mode conversion, helical waveguide bends must be sufficiently gentle; i.e., they must have large radii of curvature. 3 If applications should require sharper bends, then the heli,.al waveguide configuration will not be suitable. One solution, proposed by Irzinski, Krill, and Zinger,' is to insert four commercially available rectangular waveguide bends between two of the transitions described above (Fig.  4) . Currently, construction and testing of this waveguide "elbow" and the multiport rectangular-to-circular waveguide transitions are under way. One rectangular-to-c ir cular waveguide transition, the Marie transducer, has been built, analyzed, and tested. This device, which has been described as "the best transition to TEop e" r0 is shown in Fig. 5 , and the electric field lines of the desired mode are shown in Fig. 6 . Both the Marie transducer and the multiport transition consist, in part, of a transition between circular and cross-shaped waveguide. Because of thi, the Mari ravgde transition opera to deeo tia tecitions described above. One characteristic of the Marie transducer d at may make it unsuitable for high-power use is that it has only one rectangular port.
A study of waveguide transition operation is under way. Design objectives for transitions built at APL include low levels of mode conversion and high powercarrying capability. In order to achieve these goals, it is necessary to thoroughly un.andersn the theory of waveguide transition operation, to develop analytical techniques for the prediction of waveguide transition performance, and to validate such analytical techniques through extensive tests. Section 2 of this report discusses previous theoretical work on waveguide transitions. Section 3 briefly describes work done at APL on computer programs based on this theoretical work. Future reports will discuss validation of these computer programs using scattering parameter tests and will describe a computer-aided design package for waveguide transitions. Specific transitions to be treatcd include the Marie transducer, the multiport rectangular TE, 1 to circular TE(, mode transducer, and the mode-transducing elbow. Section 4 of the report discus.es future wvork av.i idcntifies several anticipated problem areas.
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WAVEGUIDE TRANSITION THEORY
One of the earliest theoretical treatments of nonuniform waveguides was given by Reiter, who used the well-known fact that uniform waveguide modal fields form a complete orthogonal basis for physically realizable electromagnetic fields in a wvaveguide. ' Extendin, ,his concept to waveguide transitions (Fig. 7) , he asserted that the transverse electromagnetic field (i.e., the x and y components) could be wkritten as a Sum of the transverse fields of the uniform modes corresponding to the local waeguide transition cross section, The uniform waveguide modal transverse fields satisfy the orthonormality relations
sI and! and h, (x,v,.z 
where the integration is over the local waveguide transition cross section and
6, = I i-=j, I
6,, = 0 otherwise.
The equivalent voltages and currents are determined by an infinite set of ordinary differential equations:
respectively. Both TE and TM modes are included in Eq. 5 and 6. The variable 0,,, denotes the wave number of the mth mode, the variable Z,, denotes the wave impedance of the mth mode, and the "transfer coefficients" T,,,, (which describe coupling between the two modes m and n) are given by 5 Tr,, (Z) = e,, dx dy .
S
The integration is over the local waveguide cross section. Equations 5 and 6 are known as the Generalized Telegraphist's Equations. Most methods of solving these equations start with a change of variables. Solymar proposed
and The reason that some previous treatments avoid the case where a mode goes through cutoff inside the transition can be seen by examining Eqs. 8 an 1 9. In the plane where the mode goes through cutoff, the parameter \;Z,, in Eq. 8 will experience a singularity if the mode is TE, and the parameter 1\Z,,, in Eq. 9 will experience a singularity if" the mode is TM. In order to circumvent this, our approach will be to solve Eqs. 5 and 6 directly. By truncating the series in Eqs. 5 and 6, the equations are cast into a form amenable to well-known numerical techniques (e.g., Ref. 12) .
Two studies have, in fact, examined the solution of Eqs. 5 and 6 in some detail. "-'4 Two Marie transducers are available for testing. Once such tests have been used to verify the numerical methcds, it should be possible to develop a computeraided design package for waveguide transitions. A prerequisite for such a study is the ability to specify the uniform vaveguide modes associated with the various transition cross sections. Specifically, the modal electromagnetic fields are needed to compute the transfer coeficients of Eq. 7. A computer program that determines modal eigenvalues and ele. romagnetic fields is described in Section 3 of this report.
We conclude the present discussions by reviewing Reiter's derivation of Eqs. 5 and 6. ' 
and
az jio .
I(
The basic procedure in this derivation is to insert the series expansions for E, and H, (Eqs. I and 2) into Eqs. 11 and 12 and to take advantage of the orthonormality relations given in Eqs. 3 and 4. The last two relationships allow us to determine the equivalent voltages and currents,
respectively.
I
As before, the integrations are performed over the local waveguide transition cross section.
The basis functions e,, and hm have several helpful properties. First of all, these vectors are related by a simple vector cross product, h,, (xy,z) = zxe, (xy,z) . 
C where n is the outward unit normal on the contour C. Substituting Eq. 19 into the integral on the right-hand side of Eq. 18 results in 
! ffVj[IT"(zxE,)]h'",T ' dxdy
I S = (zxEt)V,(V,h,,,T.,) dxdy + (h,,,r .fn)V, .(zxE,)di C - [(zxE,) n] V ,t-h,.T, dl .(20)
J3,,
= \= m p( -h,,,(22)
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Equation 22 applies to both TE and TM modes. Therefore, the subscript TM has been dropped. The eigenvalue h,, (not to be confused with the modal magnetic field h,,) is given in Eqs. 16 and 17 and in Eqs. 41 and 44 (which appear later). We now seek to derive Eq. 5 for the case where m denotes a TM mode. Proceeding as before, Eqs. 11 and 14 are combined to yield: -E .e,,," dx dy
Unfortunately, the integral on the right-hand side of Eq. 24 does not vanish. Using Green's theorem (Eq. 19), 
c Using the simple vector identity A • (B C) = B (C x A), and using Eqs. 14, 15, and 16. the first term on the right-hand side of Eq. 25 is seen to be IH,xz.
V,(V,.em M) dxdy h' .Tm InTM
(26)
Applying the Maxwell curl equation for H to the second term on the right-hand side of Eq. 25, one obtains Equation 28 follows from the requirement that the electric field tangent to a perfect conductor must vanish. Inserting Eq. 28 into Eq. 27, and noting that emTM is parallel to n, one finds that We treat the term on the left-hand side of Eq. 30 by invoking the differentiation theorem of surface integrals with variable surface, Equations 7, 22, and 23 can be used to show that this result is equivalent to Eq. 5. Reiter's derivation of Eqs. 5 and 6 for the case where m denotes a TE mode is quite similar to the foregoing, and will not be given here. The expression for a TE mode wave impedance is
0mr. TE Before concluding this section, let us consider the convergence of the series representations of the electric and magnetic fields and how such convergence is affected by the electromagnetic field boundary conditions. At the boundary of the transition, the fields satisfy the conditions (Fig. 8 
I
Thus boundary condition Eq. 37 for the transverse electric field is satisfied by the individual terms of the series in Eq. 1. Therefore, following the approach of Ref.
16, we assume that the expansion is valid both in the interior of S and on C (the boundary of S). This is not the case for the magnetic field. The individual terms of this series satisfy Eq. 40 but the actual magnetic field must satisfy Eq. 38. Again following the approach of Ref. 16, the series in Eq. 2 is assumed to be a valid representation for H, in the interior of S but not on the boundary of S. In the union of S and its boundary, the series of Eq. 2 will represent a discontinuous function and hence will not converge uniformly. Because of this, term-by-term differentiation with respect to x or y will certainly make the series diverge. However, such differentiation has been avoided in the above derivation. Term-by-term integration has not been avoided, but the conditions for the validity of this procedure are not stringent (e.g., Ref. 17, . These general conclusions-namely, that one field seri, -is valid on the boundary but that the other field series is nothave been noted in other treatments of nonuniform waveguide theory. 
COMPUTER SOFTWARE DEVELOPMENT
The ability to calculate the modal fields and wave numbers associated with uniform waveguides is a prerequisite for solving the system of differential equations described in Section 2. This has to be done for a wide variety of waveguide cross sections. This section lists the equations that determine the modal fields, describes numerical techniques for solving these equations, and describes work done at APL in this area. For a TM mode, the starting point in specification of the fields is to solve the two-dimensional Helmholtz equation with Dirichlet boundary conditions, 
h,,, = zxe ,,,
The equations for the modal magnetic field h,, and the wave number 0,, apply to both TE and TM modes. Therefore, the subscript TM has been dropped. For TE fields, one starts with the Helmholtz equations with Neumann boundary conditions, 
an
I
The wave number may be found from Eq. 22 and the field functions may be obtained through
Ih, 
One procedure that can be used to solve the Helmholtz equation numerically is the finite element method (FEM). An FEM package has been ordered from McGill University and installed at APL on an Amdahl 5890 computer system. Validation of this package has been accomplished by solving waveguide problems with known closed-form solutions. For descriptions of the FLvI method, see Refs. 19-22. In order to run the McGill University FEM package, it is necessary to approximate the waveguide cross section as a union of triangles (Fig. 9) . This package does not have Figure 9 Waveguide cross section approximated as a union of triangles. -19, 952-954 (1971 
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APPLIED PHYSICS LABORATORY LAUREL. MARYLAND a routine for generating these triangles but instead depends on user-generated input. For the large number of waveguide cross sections to be treated in our work, the triangle-generating process is complicated and formidable. Software that generates such triangles has been ordered from Los Alamos National Laboratory and installed on the Amdahl system. This triangle-generator (or "mesh generator") is part of a finite-difference package called POISSON/SUPERFISH, which was developed for the Department of Energy for the purpose of solving magnetostatic and electrostatic problems and RF cavity problems.2 3' 24 The two routines that are relevant to our work are AUTOMESH and LATTICE. AUTOMESH reads in boundary data and mesh size specifications and prepares a preliminary mesh. LATTICE uses the method of Ref. 25 to refine the mesh. AUTOMESH has been successfully tested by running example problems from Ref. 23 . Testing of the routine LATTICE is under way.
Once work is complete on the mesh generator and the FEM package, we will be able to analyze waveguide transitions by performing a uniform waveguide analysis for some large number Al of waveguide transition cross sections (Fig. 10) . The vector functions e,,, Cadi L, lound by taking the gradient of the solutions to the Helmholtz equation. Since the FENI package approximates these solutions as polynomials in x and y, analytical instead of numerical differentiation will be used. Numerical differentiation will have to be used in differentiating e, with respect to z (Eq. 7) Finally, the integration of Eq. 7 and the ultimate solution of the truncated system of differential equations will also have to be accomplished numerically. Figure 11 shows a flow chart for computing the transmission and reflection properties of a waveguide transition. To summarize, the first step in analyzing a waveguide transition is to solve the uniform waveguide problem for some large number M of transition cross sections. The routines AUTOMESH and LATTICE approximate each cross section as a union of triangles. The FEM package then solves for the uniform waveguide modes. Finally, the transfer coefficients (Eq. 7) are integrated numerically, and the system of differential equations is truncated and solved. To date, the mesh generation package and the FEM package have been installed at APL and tested. 
FUTUJRE WORK
A~s previously mentioned, future work inClUdes completion of the computer Software development, experimental validation of the com1puter programs by scattering parameter measurements, arid development of a com1puter-aided design procedure. Specific trar sitions ,o be treated include the Marie transducer, thle muh~liport transition, and the iiode-transducing elbow. To date, the tolloss ju tasks and problem I areas have been identified: The ultimrate goal for this project is to efficient lv couple enrice into a round mserruoded sheathed-helix wNaveiguide. TheC unction bet ecn at metallic svas eguide transition and a helical waveguide presents, a Sharp discontinuity to the elect romlacuctic The scattering matrix of a metllic 1wavegtuide transition is Specified bv solving Eqs. 5 and 6. Two Marie transdurcers are available to uIS for testing usingl art [iP 8409C automatic network analyzer. In all tests, the Marie transducerS wil be connected to each other either by a plain copper circular waseguide or by a sheathed-I helix wkaveguide. We hope to achieve better agreement between theory and experiment than was possible in tile past. "' 
Multiport Transition Analys is and D~esign
Analyze the multiport rectangular 1E 1 , to circurlar I', mode transducer and the mode transduIcing elbow. As before, the arnal.%., wil! be accomplished by solving Eqs. 5 and 6. The four rectangular berrds in the elbow\ will be analyzed by solving the differential equations given by Schelkunoff. 2 
I 6. Spurious Mode Resonances
In a multrmodc ssavcguide system, thle presenice of' a region that earl Support One or more spurious modes -an lead to high transmission loss at frequencies for which the regzion is resonant for one of these modes. 
I
7. High Power Considerations High power transmission can lead to two undesirable effects in waveguide transitions: excessive heat losses inside the wall of the transition, and electrical breakdown within the air inside the transition. Design rules for maximizing power-carrying capability are sought as part or this study.
Design procedure for Waveguide TransitionN
One objective of this study is to deelop a computer-aided design package for rectangular-to-circular waveguide transitions such as the Marie transducer and the I multiport transition. This package should be capable of dealing with tradeoffs among the goals of maximum power-carrying capability, low reflectivity, low transmission loss, low mode conversion, minimum transition physical length, and location of the 
